We investigate the influence of the range of interactions in the two-dimensional bond percolation model, by means of Monte Carlo simulations. We locate the phase transitions for several interaction ranges, as expressed by the number z of equivalent neighbors. We also consider the z → ∞ limit, i.e., the complete graph case, where percolation bonds are allowed between each pair of sites, and the model becomes mean-field-like. All investigated models with finite z are found to belong to the short-range universality class. There is no evidence of a tricritical point separating the shortrange and long-range behavior, such as is known to occur for q = 3 and q = 4 Potts models. We determine the renormalization exponent describing a finite-range perturbation at the mean-field limit as yr ≈ 2/3. Its relevance confirms the continuous crossover from mean-field percolation universality to short-range percolation universality. For finite interaction ranges, we find approximate relations between the coordination numbers and the amplitudes of the leading correction terms as found in the finite-size scaling analysis.
I. INTRODUCTION
The range of the interactions plays an important role in phase transitions. Systems with pair interactions decaying with a negative power of the distance are found to display a variety of universality classes, depending on that power as well as on the dimensionality [1] [2] [3] . A different way to modify the range of the interactions is specified in the so-called equivalent-neighbor models, in which the pair interactions are constant up to a range r and zero at larger distances. These models are referred to as medium-range models. The effects of such interactions were already investigated in several twodimensional model systems, including the Ising model [4] , i.e., the q = 2 Potts model, and the q = 3 and q = 4 Potts models [5] . In these models, the range r contributes markedly to the irrelevant temperature field near the short-range critical fixed point, and thereby to the corrections to scaling.
In the limit of r → ∞, the equivalent-neighbor models become mean-field-like, while for sufficiently small r they fall in the short-range universality classes. Two different crossover scenarios are known between these two extremes. In the Ising case, the crossover along the critical line is uniform from the unstable mean-field (MF) limit to the short-range fixed point [4] , so that all models with finite r belong to the short-range universality class. In contrast, the MF fixed point is stable in the cases of the q = 3 and q = 4 Potts models. For q = 3 there is an intermediate tricritical point [5] , while for q → 4 the critical and tricritical points merge into a special fixed * email: oymj@mail.ustc.edu.cn † Corresponding author; email: yjdeng@ustc.edu.cn point [6] with a marginal operator.
In order to provide a quantitative analysis concerning the scenario for the percolation model, we investigate the equivalent-neighbor version of this model with a finite and variable interaction range r. This model is defined by the probability distribution of the percolation bonds, described by the partition sum
where the sum is on all graphs G covering a number of edges of the square lattice. This number "bonds" is denoted N b and can assume all values from 0 up to complete covering. Edges connect each site to all of its neighbors within the interaction range r. The interaction range is roughly specified by z ≈ πr 2 , where the coordination number z is the number of equivalent-neighbors interacting with a site of the square lattice. Each edge has a probability p to be covered by G. The total number of edges, including those that are not occupied, is N e .
The analysis of the percolation model makes use of the connection between the percolation model and the q = 1 Potts [7] model. To illustrate the equivalence, we consider the partition sum of the q-state Potts model
where the s i sit on a square lattice and assume the values s i = 1, 2, · · · , q. At high temperatures T (K small), the spins tend to take random values and the model is disordered, whereas at low T (K large, > 0) the model is ferromagnetic, the spins tend to be in the same state, even at large distances. Kasteleyn and Fortuin [8] introduced bond variables between interacting neighbors, which can have two values: absent or present. Then it is possible to sum out the Potts variables in Z Potts and one obtains [8] 
where u = e K − 1, and the graph G represents the Kasteleyn-Fortuin bond variables. The sum is on all such graphs, as in the percolation model Eq. (1) . The number of connected components (clusters) in G is denoted by N c . In the random-cluster representation [8] of the Potts model, the bond percolation model is obtained by taking the q → 1 limit. Dividing out a trivial factor in Eq. (3) then leads to
with Z perc as given by Eq. (1).
We are now facing the question whether, for q = 1, the MF to short-range crossover is uniform, like for q = 2, or more like the q > 2 Potts models. We investigate this question by simulating systems on L × L square lattices, for a sequence of finite sizes L with periodic boundary conditions, by means of Monte Carlo method [9] which remains efficient for systems with interactions of a long range. We sampled the size of the largest cluster, and the second and fourth moments of the cluster-size distribution. Thus we obtained the percolation equivalent of the Potts magnetization moments and the Binder ratio, a dimensionless number related to the Binder cumulant [10] , as explained in Sec. II. We also sampled the wrapping probabilities, also described in Sec. II. For z = 4, the nearest-neighbor model, the critical point [11] and the universality class [12] are known. To achieve our analysis of the crossover between MF and short-range percolation, we stepwise increase the coordination number from z = 4 towards infinity, meaning that each site can interact with all other sites, the mean-field or complete-graph case.
For each of these values z > 4, the percolation threshold is determined from the simulation results. At the same time, we investigate whether the critical behavior still belongs to the short-range universality class. For this purpose it is necessary to simulate systems of sizes that are sufficiently large in comparison with the finite range of the interactions. We apply a finite-size scaling (FSS) analysis to a few different observables, in order to determine the nature of the crossover phenomena. Since the amplitudes of the corrections to scaling are a measure of the irrelevant fields, we may expect that the finite-size scaling analysis will provide some useful information.
The outline of the rest of this paper is as follows. In Sec. II we provide an overview of some known aspects of the two-dimensional percolation model, including the MF description. This section also describes the role of magnetic quantities, and defines the Binder ratio defined on the critical cluster-size distribution. It also includes the finite-size scaling of the Binder ratio and of the critical wrapping probabilities, taking into account the logarithmic factors in the corrections to scaling, which are caused by the presence of two degenerate irrelevant exponents. Section III explains the Monte Carlo simulation method, and describes the sampled quantities. In Sec. IV we present the results of the analysis of the wrapping probabilities, for the models with 4 ≤ z ≤ 60. We verify the universality of these models, and determine the amplitudes of the leading corrections to scaling. Details of this analysis are given in Appendix A, together with an investigation of several models that do not obey the condition stated under Eq. (1), namely that the interacting neighbor sites fill a circle of a given radius r. Thus one can purportedly distinguish the effects due the number z of neighbors and their distances on the correction amplitudes.
Results for the Binder ratio are included in Sec. IV, for models with finite z as well as in the MF limit z → ∞. Special attention is given to the crossover between the MF fixed point and the short-range percolation model, for the case of the Binder ratio as well as for the temperature and magnetic exponents. Finally, Sec. IV includes a numerical determination of the crossover exponent of the MF model associated with a finite interaction range. The paper concludes with a discussion of the main results in Sec. V.
II. EXISTING THEORY AND RESULTS

A. Percolation and magnetism
We illustrate the role of the magnetism in percolation, using the context of the q-state Potts model. The Hamiltonian for that model, including an external field is
where the magnetic field H acts on Potts state 1 only. The interaction in Eq. (5) can be alternatively formulated in terms of (q−1)-dimensional Potts spin vectors, in order to reflect the full geometric symmetry. This is achieved by substituting
where e 1 , e 2 , · · · , e q are q unit vectors pointing from the center to the corners of a regular hypertetrahedron in q − 1 dimensions. Thus
The magnetization density of an N -spin system is
The magnetization of the system along direction 1 contains a contribution from the spins in state 1, as well as contributions from the other q − 1 states which are, according to Eq. (7), weighted with a factor −1/(q − 1).
This still allows for a zero 'magnetization' of the q → 1 random-cluster model in its the disordered phase. Since all Potts spins in a cluster are in the same state, and different clusters are in randomly distributed Potts states, the size of the largest cluster is a good measure of the Potts spontaneous magnetization. Furthermore, the second and fourth magnetization moments can be expressed in terms of the random-cluster size distribution as
and
where c i is the density of cluster i. Equations (9) and (10) enable the sampling of magnetic quantities in the Potts and random-cluster models without using actual Potts spins. While sampling of Eq. (10) for q = 1 is obviously problematic, Eqs. (9) and (10) indicate that even powers of the magnetization scale as sums over the same powers of the cluster sizes.
B. Finite-size scaling
To provide a basis for our finite-size scaling analysis, we write down the scaling equation for the free energy density of a model as a function of the finite size L and the scaling fields, namely the relevant temperature field t, the relevant magnetic field h, and two irrelevant fields u 1 and u 2 :
where f a (t, h, u 1 , u 2 , L) is the analytic part of the free energy and f s (t, h, u 1 , u 2 , L) is the singular part, and b is the linear scale factor of the transformation. The prefactor b −d is due to rescaling of the d-dimensional volume. The relevance of t and h means that the associated exponents y t and y h are positive, while the irrelevant exponents y 1 and y 2 are negative. In the present percolation models, the distance p c − p plays, up to a model-dependent multiplicative constant, the role of the temperature field t.
The substitution b = L leads to the FSS relation for the free energy:
The Binder ratio Q is defined as
where m 2 and m 4 are the magnetization moments of order two and four respectively:
where H is the physical magnetic field. The correspondence between the derivatives with respect to h and H is
For the present we neglect additional terms due to the dependence of the other scaling fields on H. Furthermore, by differentiating k times with respect to h, one obtains
and m 2 can be explicitly expressed as in the numerator and denominator of Q cancel, and f s is a universal function, so that it follows that the resulting finite-size scaling equation for Q is universal in the scaling limit.
Next, we return to Eq. (16) in which we have neglected a term (∂f /∂t)(∂ 2 t/∂H 2 ). In general one expects that the temperature scaling field includes a quadratic term in the physical magnetic field H:
As a consequence, the t-dependence of Eq. (12) 
The analytic part of the free energy does not contribute to the wrapping probabilities R w , which are, like Q, dimensionless. The finite-size scaling formula is
1. Degenerate irrelevant exponents
In the d = 2 Potts model, there is an exponent −2 for general q. For a numerical justification, see [13] . In addition, the second thermal exponent of the Potts model depends on q and assumes the value −2 in the percolation case q = 1 [12] . Under these circumstances, the the irrelevant exponents become degenerate and the corresponding scaling fields could couple with each other [14] . Suppose that, in differential form, one has the following scaling equations for the irrelevant fields
where l parametrizes the renormalization flow such that the linear scale factor is b = e l . The solution is [14] 
which shows that the rescaling of the irrelevant fields as used in Eqs. (21) and (22) has to be modified by adding a logarithmic factor. After substitution of the correct rescaling of u i and u l into the scaling equations Eqs. (21) and Eqs. (22) , setting b = L, and Taylor expansion, one obtains
These formulas describe the deviations from universal values Q of the Binder ratio and R w of the wrapping probabilities in finite systems near the critical point, thus providing the basis for the FSS analysis of the numerical data.
Since, close to the critical point, p − p c ∝ t, Eqs. (27) and (28) describe the dependence of these two dimensionless quantities on the bond probability p and system size L. The polynomial function in p takes into account the effect caused by the deviation of p from the critical bond probability p c , while the critical finite-size effect is described by the correction terms For models with small coordination number z, deviations from isotropy are relatively large and will be taken into consideration, which could be observable in the correction terms,
For percolation in two dimensions, several critical exponents are exactly known [12] . The leading and subleading thermal renormalization exponents are y t = 1/ν = 3/4, and y i = −2 respectively; the leading critical exponent in the magnetic sector is y h = 91/48, and the exponent of the correction due to the analytic background term is thus −43/24.
C. Mean-field percolation
In mean-field (MF) percolation, every site can connect to any other site. The behavior of this model is well known [15] [16] [17] [18] . We summarize the derivation of the temperature and magnetic exponents. These exponents do also apply in high-dimensional systems [19] with shortrange couplings. In the MF case, one has z = L 2 , and the edges of the lattice thus form a complete graph. The critical bond probability p is thus inversely related to the total number of sites L 2 . It makes therefore sense to work with the integrated bond probability p i ≡ pL 2 . To construct the self-consistency equation for this model, we again use the framework of the q-state Potts model. The Hamiltonian for this model on the complete graph is, analogous to Eq. (5),
We expect that, at high temperatures, i.e., small K, m = 0 in the thermodynamic limit, and that, at low temperatures, a spontaneous magnetization exists in the direction of one of the unit vectors mentioned, for example, direction 1. We thus formulate our analysis in terms of that component m = | m| of the magnetization density.
The canonical probability p 1 that a spin assumes state 1 is
where
/q is the density of spins in state 1. Substitution of N 1 yields
Expansion of this expression to first order in H and second order in m leads to
The requirement of self-consistency imposes that m = (qp 1 − 1)/(q − 1) or
Substitution in Eq. (32) leads to a quadratic equation in
where we have substituted the temperature-like variable t ≡ 1 − K. We have divided out a factor q − 1, and the interpretation of this equation for q = 1 has to be done with some care. The variable m loses its meaning as a magnetization, but it keeps its meaning as the density of the largest cluster in the ordered phase, also in the q → 1 limit of the random-cluster model. In this limit, Eq. (34) reduces, for small t, to
which provides a description of the critical region. The critical point is located at t = H = 0. For H = 0, one has m ∝ −t, which determines the critical exponent β = 1. For t = 0, one has m ∝ √ H, so that δ = 2. Differentiation to H yields the susceptibility-like quantity χ ∝ t −1 at H = 0, and therefore γ = 1. The exponents β, γ, δ can be expressed in effective renormalization exponents and the dimensionality d of the system as
which yields
The asterisks in y * h and y * t may require some explanation. The actual renormalization exponents y t and y h do not satisfy the relation in Eqs. (36) without asterisks. The reason is that MF models violate "hyperscaling" relations: scaling relations that involve the dimensionality d [20, 21] . The renormalization exponents with an asterisk describe the rescaling of the observables that are conjugate to the scaling fields. The notation with asterisks serves to reproduce the usual dependence of the critical exponents on y t and y h , as expressed by Eqs. (36). In our case, d = 2, y * h = 4 3 , and y * t = 2 3 . The critical exponent α = (2y * t − d)/y * t = −1 describes a specific-heat-like quantity in the percolation model [22] , and the exponent β describes the size of the largest percolation cluster as a function of p − p c . The magnetic exponent also determines the finite-size scaling of the largest cluster at t = 0 as asymptotically proportional to L y * h [18] .
III. METHODS
A. Simulation algorithms
The simulation of models with many interacting neighbors tends to be time consuming, if all these bonds are individually taken into account. This problem is circumvented by means of an algorithm [9] , employed earlier in the analysis of the medium-range Potts model with q = 2 [4] , and with q = 3 and 4 [5] . The computer time needed depends only weakly on the number of interactions per site. The application of this medium-range algorithm to the percolation case q = 1 is straightforward.
B. Sampled quantities
The wrapping probabilities R w investigated in this paper are specified as R b , R e and R 1 , defined as follows. The probability R 1 counts the events that a configuration of percolation bonds connects to itself along the x direction, but not along the y direction. For better statistical accuracy, we count every configuration which percolates in one direction, but not in both directions, and divide the total percolations by a factor of 2; R b is for simultaneous wrapping in both directions; R e is for wrapping in at least one direction [23] . The relevant factors that may be related to their universal values are the number of couplings between a central site and its neighbors within the interaction range, the boundary conditions and the shape of the system. To what extent the microscopic couplings between the central site and its different neighbors, i.e., the interaction range, are important is the present subject of investigation.
In this analysis, it is very useful that the universal values of the wrapping probabilities are known for models with short-range interactions and periodic boundary conditions in a square geometry. These are R b = 0.351642855, R e = 0.690473725 and R 1 = 0.169415435 [24] .
The Binder ratio Q of the q-state Potts model is defined by Eq. (13) on the basis of the distribution of the magnetization density m. Using the random-cluster representation, the magnetization moments, and thus Q, can be determined from the random-cluster size distribution via Eqs. (9) and (10) . The latter quantity is divergent for q → 1, but for a scalable cluster-size distribution, we may instead just define a universal ratio for the percolation case by using the Ising-like definition with q = 2:
This definition was used during the simulations. Its universal value for two-dimensional percolation in a square periodic geometry has been estimated as Q = 0.87048(5) [25, 26] .
IV. RESULTS
A. Analysis of the wrapping probabilities
We simulated finite systems with medium-range interaction, and sampled the three kinds of wrapping probabilities mentioned earlier, R b , R e and R 1 . In this work we restrict ourselves to systems with square symmetry, so that we can analyze our data in the light of the known universal wrapping probabilities [24] of the short-range model. The coupling strengths for all the z interacting neighbors are the same.
The simulations took place for roughly 30 different system sizes, ranging from small ones, with L slightly larger than the interaction range, up to L = 2048 in some cases. The larger systems serve to approximate the asymptotic behavior in the thermodynamic limit, including the determination of the critical point and the renormalization exponents y t and y h . The corrections to scaling in the R w (p, L) data (w=b, e, or 1) are relatively small for large L, so that the corresponding error sources are suppressed. On the other hand, relatively small systems are needed to obtain accurate estimations of the amplitudes of b i and b l of the corrections to scaling. The typical lengths of the simulations varied from millions of samples for the largest systems to billions for the smallest ones.
First, we performed simulations of systems whose interaction regions are almost circular. These interactions are fully determined by the range r, such each site couples with all z neighbors within that range. The corresponding values of z studied are z = 4, 8, 12, 20, 28, 36, 48, 60, 224, 1224, and 4016. In Appendix A, we shall investigate the additional influence of the range of these interactions, by relaxing the rule that the z interacting neighbors fill a circle. We also check for effects due to fourfold deviations of the sets of neighbors from isotropy.
Tests of universality of the wrapping probabilities
On the basis of Eq. (28) we expect that plots of the wrapping probabilities versus p for different L display intersections, at least if a 1 is nonzero. For models in the short-range percolation universality class, these intersections should, for large L, converge to the universal value of R w . The numerical results for the wrapping probabilities can thus be used as a test whether models with z > 4 do still belong to the short-range universality class. This is illustrated in Fig. 1 for the case of R b . While the corresponding curves for R e display a similar behavior, those for R 1 (p, L) appear to be different, because the amplitude a 1 is zero or very small. Self-duality imposes that a 1 = 0 for the z = 4 model. Thus, intersections are not useful for the determination of the critical point from R 1 (p, L), as shown in Fig. 2 . The amplitude of the quadratic term is nonzero, as illustrated by the non-monotonic behavior of R 1 . We fitted finite-size wrapping data by
which also takes into account a subleading correction of order L −3 . Integer differences between subleading exponents may be expected in general [27] . Since the simulations were performed in a rather narrow neighborhood of the critical point, higher-order terms in p − p c rapidly become unimportant. The fits for R b and R e yielded consistent estimates of p c . These values of p c were kept fixed in the fits for R 1 . The resulting estimates for R b , R e and R 1 are in a fairly accurate agreement with the short-range universal values, thus confirming that the investigated models with z > 4 still obey short-range universality. These results are listed in Table I .
Universality of the critical exponents
After confirming that the universal values of the wrapping probabilities of R b and R e still apply for the values of z investigated, we fixed them in the fit formula while leaving y t as a free parameter in Eq. (28) . Again, the results are in agreement with the short-range universal value y t = 3/4. They are included in Table I .
As another test, we determine the magnetic renormalization exponent y h . We first fixed the wrapping probabilities and y t at their universal values, and obtained improved estimates of the critical points p c of the models with z > 4. The average density c l of the largest cluster was then fitted by
with p c as determined from the wrapping probabilities.
The results appear to be in a good agreement with the short-range universal value y h = 91/48 [12] . The results are included in Table I . Finally, we performed a test if there is a contribution from the second magnetic exponent y h2 = 19/48 [12] to the wrapping probabilities. If so, one may expect corrections with a relative magnitude in the order L y h2 −y h = L −3/2 . However, no evidence for such a correction was found.
Determination of the correction amplitudes
Having sufficient confidence in the validity of the shortrange universal parameters, we kept them fixed in the fits according to Eq. (28), with the purpose to find the best estimates of the critical points and the amplitudes of the correction terms as a function of z.
We find that the correction amplitudes of the wrapping probabilities are approximately proportional to z 2 , and thus to the squared area within the interaction range. This is illustrated in Fig. 3 for the wrapping probabilities R b and R e . The amplitudes b i and b l , appear to become small between z = 4 and z = 8, suggestive of a short-range fixed point in that neighborhood. The overall finite-size scaling effect due to the three correction terms displays a change of sign between z = 4 and 8, as can, for example, be seen in Fig. 1 . A more detailed analysis, including tabulated data for the correction amplitudes and the critical points, is deferred to Appendix A.
B. FSS analysis for the Binder ratio Q
Binder ratio of models with finite z
The behavior of Q(p, L), as defined by Eq. (38), of the nearest-neighbor model (z = 4) is illustrated in Fig. 4 for several system sizes as a function of p. The intersections of the lines are seen to converge to the critical point [11] at p c = 0.5. For small L, the combined finite-size corrections are positive at the critical point. In contrast, they are negative for the z ≥ 8 models, as seen e.g. in Fig. 5 . The sign changes of the leading correction terms are analogous to those of the wrapping probabilities.
Just as in the case of the wrapping probabilities, we analyzed several models with finite coordination numbers up to z = 60. The increasing distance to the shortrange fixed point manifests itself as z increases. Figure 5 shows that strong crossover effects already occur in the 60-neighbor model: the intersections between the curves with small L are located at relatively small values of Q, but for larger L they still approach the universal value [25, 26] of the short-range model.
As described in Sec. II B 1, these Q data are expected to behave as 
FIG. 4:
Binder ratio Q of the bond-percolation model with nearest-neighbor interaction vs. bond probability p, for several system sizes. In the present z = 4 case, the corrections are positive for small L and negative for large L. 
For models in the short-range percolation universality class, we have y t = 3/4 and y h = 91/48 [12] . Since p c can be determined more accurately from the wrapping probabilities than from the Binder ratio, we fixed the critical points at the values determined from the wrapping probabilities. Least-squares fits were applied in rather narrow p-intervals and included only few p-dependent terms. In the case z = 4, where the corrections appear to be small and we know the exact critical point [11] , we could determine the universal value of the Binder ratio as Q = 0.87057(2), slightly higher than a previous result Q = 0.87048(5) [25, 26] . After checking that the Binder ratios of the z > 4 models were consistent with this value, the newer result for Q was used as a fixed parameter in the fits for the z > 4 models. The amplitudes of the correction terms are found to increase rapidly with z. This is illustrated in Fig. 6 , which shows that the relation between b i and z is approximately described by a quadratic form, as shown by the parabola that figure. The numerical results for the correction amplitudes in the Binder ratios are listed in Appendix A.
Binder ratio of the complete graph
As shown in Table II , the critical point p c is a decreasing function of z. In the limit z → ∞ the bond percolation probability p decreases as 1/z. Since the MF solution of the percolation model shows that zp c → 1 for z → ∞, in simulations of finite systems we simply use a bond probability
so that the critical point of the integrated probability lies at p i = 1. Since the wrapping probabilities cease to be meaningful on the complete graph, we restrict ourselves to the Binder ratio. Results for Q(p, L) of the complete graph are shown in Fig. 7 . As the system size L goes up, the intersections of the Q(p, L) curves are seen to converge to a value in agreement with the exact critical point p i = 1. The corresponding critical value of Q is clearly different from the universal short-range percolation value.
Fits based on the form of Eq. (41) were applied, but using the integrated bond probability p i instead, with the critical point fixed at p i,c = 1. The leading correction exponent was found to be close to −2/3, without a logarithm, in agreement with recent work of Huang et al. [28] . The Q data are inconsistent with the universality class of the finite-z models. After fixing y t = 2/3 and y h = 4/3, in accordance with Eqs. (36), and leaving Q as a free parameter, we obtained satisfactory fits. The results, and further details, are included in Table VIII. C. Crossover phenomena
Crossover of the Binder ratio
To demonstrate the crossover between the MF and short-range models, we first construct a data collapse by means of a z-dependent rescaling of the finite size. We define L r ≡ L/b(z) with b(4) = b(8) = 1 and b(z) for z > 8 chosen such that the Q(p c , L) versus L r curves collapse for L ≥ 8. It is not possible to include the z = 4 data in this collapse because the corrections have the opposite sign. These results are shown in Fig. 8 . Also shown in this figure is the finite-size dependence of the Q results for the critical MF model versus the inverse finite size. Our use of 1/L cg and our definition of L r for the horizontal scale is tuned such that the finite-size data for Q of the MF model just match with those of the finite-z models.
One observes that these data for Q span the whole range between the universal values of the MF and the short-range model. There is no sign of a possible intermediate multicritical point when z increases. The collapse of the other curves on that for z = 8 involves a rescaling factor b(z) that satisfies the relation
Among these correction terms, b 3 L d−2y h is the dominant one for large L and asymptotically determines b(z) in that limit as 
Crossover of the effective temperature exponent
As another demonstration of the crossover phenomenon, we analyze the first derivative of Q(p, L) with respect to the bond probability p at criticality [5] . From Eq. (41) one expects that, at the transition point, it behaves as ln(dQ/dp) ln(L)
The data for dQ/dp, were obtained from fits to the Q versus p simulation results and by numerical differentiation. Since p c is roughly proportional to 1/z, we include a factor 1/z in the derivative of Q to p. A comparison of the result, shown in Fig. 9 , with similar analyses for the q = 3 and 4 Potts models in Ref. 5 illustrates the different dependences of these models on the range of the interactions.
The z-dependence of the effective temperature exponent can also be illustrated with the quantity y t,eff (L) ≡ ln[{dQ(p, 2L)/dp)}/{dQ(p, L)/dp)}] p=pc / ln 2 (45) which is shown in Fig. 10 as a function of L yi .
Crossover of the effective magnetic exponent
The determination of the magnetic exponent from the scaling behavior of the density of the largest cluster, as described in Sec. IV A 2 for the finite-z models, was also done for the complete graph. Figure 11 shows the combined results on logarithmic scales. While the finite-z These results show an approximate data collapse for the finite-z systems. There is a clear difference with the data for the complete graph, or the MF limit, which are also shown. The quantity plotted along the vertical scale is defined in the text, and chosen such that the large-L data should converge to the temperature exponent yt which is 3/4 for short-range percolation, and 2/3 for MF percolation. The data points for z = 4, and z = 12, and for the MF model are connected by curves which are also intended to guide the eye to the limiting value at L = ∞ on the vertical scale.
data display a good data collapse for not too small L, the results for the complete graph fall on a line with a different slope. We also quantitatively analyzed the scaling behavior of the density of the largest cluster at the critical point p i,c = 1. Analogous to Eq. (40), it is expected to behave
Corresponding fits yielded the estimate y h = 1.3333 (2), in a good agreement with y h = 4/3 as given in Sec. II C for the mean-field model.
The exponent y h can be directly estimated by comparing two different system sizes L 1 and Figure 12 displays the results for the models with finite z as well as for the complete graph.
The crossover exponent at the MF fixed point
The critical points, in terms of the integrated bond probabilities p i,c = zp c , are shown in Fig. 13 versus z −1/2 . The latter quantity describes the inverse range of the interactions when z is large. Among the renormalization exponents describing the flow in this diagram, the one at the MF fixed point along the critical line is still undetermined. This exponent, purportedly describing the effect of interactions with a large but less than infinite range, is denoted y r . In order to determine this exponent, we analyze the shape of the critical line p i,c . For this purpose we parametrize the neighborhood of the MF fixed point by a temperature variable v t ≡ p i − 1, and an inverse range parameter v r ≡ z −1/2 . Under a renormalization transformation by a scale factor b, these variables become
It is essential that we allow that the inverse range renormalizes with a new exponent y r that is different from the naive value 1. It follows from Eq. (46) that the critical line in the vicinity of the MF fixed point sat- diagram. Shown are the critical points (black circles) and a smoothed critical line on that basis. The fixed points are shown as blue circles. The MF fixed point is located at z = ∞, and we have placed the short-range (SR) fixed point at z = 6, corresponding to the triangular lattice bond percolation model. Also shown is the renormalization flow near the fixed points.
in Fig. 13 . The approximate linearity of the critical line near the MF fixed point therefore suggests that y r = y t = 2/3. This is further confirmed by a fit of (a 1 +a 2 z −1/2 )(z −1/2 ) 1/φ to zp c −1, for z = 224, 1224 and 4016, using our Monte Carlo results p c = 0.0053050415 (33), 0.000880188 (90) and 0.0002594722 (11) respectively. This yielded a result for the crossover exponent as φ −1 = y t /y r = 1.006 (7).
V. CONCLUSION
The numerical analyses of several models with coordination numbers up to z = 60 agree accurately with the universal constants Q, R b , R e , and R 1 . These models fit the theory of a short-range fixed point describing all percolation models with a limited range of interaction.
Near the short-range fixed point, the amplitudes of the corrections to scaling were found to be approximately proportional to the square of the number of neighbors z, or the fourth power of the interaction range r. These corrections are governed by the irrelevant exponent y i = −2. Scaling then indicates that, in a vicinity of the shortrange fixed point, the interaction range scales as r ′ = b −1/2 r under a scale reduction with a factor b.
In this work, we have also included a few models with larger z up to z = 4016, corresponding to a range r = 35.78. While the results of the numerical analysis of the large-z models are consistent with the universal constants mentioned, their accuracy falls off when z increases. Using a rescaling of the finite-size parameter, a satisfactory data collapse of the critical Q versus L curves could be obtained, including the large z models. These data illustrate the crossover of Q from the complete graph to the short-range universal value, as illustrated in Fig. 8 .
The analysis of dQ/dp in Sec. IV C 1 indicates that the models with finite z behave in accordance with the short-range temperature exponent y t = 3/4, again obeying short-range universality. The behavior of the complete graph model is found to be different, with y t = 2/3 instead, as predicted by the theory.
These results indicate that the crossover from MF to short-range percolation takes place in a uniform way, with the MF limit acting as a fixed point that is unstable along the critical line in the p versus z diagram, as illustrated in Fig. 13 . There is no sign of an intermediate higher critical fixed point along this line. Such an additional fixed point would moreover imply that the MF fixed point is stable in the direction of the critical line, contradicting the result y r = 2/3 in Sec. IV C 4. The renormalization flow thus leads directly to the shortrange fixed point, which is stable in the range direction. This situation is similar to that found for the rangedependent crossover of the Ising model [4] . The Monte Carlo data for the wrapping probabilities were subjected to least-squares fits according to Eq. (39). The results for the amplitudes of the correction terms are listed in Tables II, III and IV. The residual χ 2 , compared with the number of degrees of freedom, provides an indication of the reliability of the fits. One-sigma error margins are quoted, and they assume the validity and completeness of Eq. (39).
The data in Tables II, III and IV show that the amplitudes b i and b l of the three wrapping probabilities become very small between z = 4 and z = 8. This is, for exam- ple, also visible in Fig. 1 . All three amplitudes grow significantly in absolute value with z > 8, in accordance with the interpretation of z as a measure of the distance to the short-range fixed point. An analysis of b i (z) and b l (z) reveals a linear dependence on z 2 for systems with "almost circular" interaction regions. This behavior was illustrated in Fig. 3. b. Range dependence and fourfold symmetry perturbation While the local interactions assume an "almost circular" form for the large-z models investigated thus far, the deviations from isotropy are obvious for small z. To study the possible effects of these 4-fold deviations from circular symmetry on the correction amplitudes, we introduce a few models that do not obey the rule that the set of equivalent neighbors fills a circle with a given range r. Analysis of these models could possibly distinguish between the effects of the coordination number z and the distances to these neighbors. We refer to the newly chosen models as the 8+ model, the 12× model, the 16× model, and the 20+ model. The "×" and "+" symbols show the orientation of the fourfold perturbation. These models are defined in Fig. 14 . We do not consider the "4×" model with interacting neighbors at (x, y) = (±1, ±1), which decouples into two disjoint percolation models, and thus belongs to a different category.
Monte Carlo simulations, and numerical analyses of the wrapping probabilities were performed, similar to those of the "almost circular" cases. The results are listed in Table V . We found that the correction amplitudes did not fit in the simple picture of Fig. 3, i .e., neither b i nor b l can be simply described by a quadratic function of z. To allow for the distances spanned by the z interactions, we considered the dependence of the amplitudes on the sums r We have attempted to further improve the description of the dependence of b i and b l on the local interaction neighborhood, by including a few more sums over the interacting neighbors, involving polar coordinates r i and the angle φ i with respect to a nearest neighbor. While a fit of the data by
(A1) did reduce the residual χ 2 , we doubt the physical meaning of the resulting parameters, which were seen to depend considerably on variations of the fit formula. No clear dependence of the amplitudes on the orientation correction term. These correction amplitudes are to be compared with those for the "almost circular" models in Table II . of the anisotropy, i.e., on the presence of terms with cos(4φ i ), was found.
Correction amplitudes of the Binder ratio
Least-squares fits according to Eq. (27) to the finitesize data for the Binder ratio gave clear signs of the presence of the term b 4 L yt−2y h , i.e., the existence of a quadratic contribution of the physical magnetic field to the temperature field. Results these fits are listed in Table VIII. In particular the data for b i , which were also shown in Fig. 6 , display a different behavior than, for instance, the approximately linear dependence on z 2 as seen in Fig. 3 . This suggests that the finite-size-scaling functions of the magnetization moments depend nonlinearly on the irrelevant field associated with the interaction range. (28) with an additional term c1(p − pc)L yt−2 , which accounts for the dependence of the p-dependent term on the irrelevant field. For z > 4, Q was fixed at the universal value determined for the 4-neighbor model, and the percolation threshold pc was fixed at the value found earlier from the wrapping probabilities. The errors between parentheses are shown as one-sigma margins in the last decimal place listed. Actual uncertainties can be a few times larger after taking into account the errors in pc and Q. The exponents yt and y h were fixed at their exactly known values in all cases. For the complete graph (cg) data, the value of Q was left free in the fit formula, while the percolation threshold was fixed at the integrated probability pi,c = 1. Three finite-size correction terms, with fixed exponents −2/3, −4/3 and −2 were included for the complete graph case. The respective amplitudes are given in the last three columns. 
